Two-scale and single-scale models are used to analyse the response of reinforced concrete deep beams with different reinforcement layouts. To this end, a novel approach of modelling non-uniformly reinforced structures in a multiscale manner is developed. Parameterised generation of suitable unit cells is described, and the subdivision of problem domain into regions with different substructures is presented. Three different reinforced concrete deep beams with available experimental data are analysed. Mid-span deflections are slightly underestimated by both models, while the maximum load is captured reasonably well.
INTRODUCTION
Nowadays a wide variety of analysis methods are available to structural engineers. Single-scale nonlinear finite element analysis is often presented as the most accurate method being able to capture cracking in detail. However, for large reinforced concrete structures, it often leads to big and complex models that are computationally too expensive. Multiscale modelling, specifically the FE 2 method provides an attractive alternative to conventional nonlinear finite element analysis, as accurate results can be obtained at a fraction of the single-scale analysis time. A two-scale model of reinforced concrete was developed (Sciegaj et al. 2018) , wherein the cracking of concrete, plasticity of reinforcement and bond-slip interaction between the materials were taken into account.
However, the response of beams with non-uniform reinforcement layout has not been previously investigated. The model was also not validated by comparison with available experimental data.
In this contribution, several deep beams with available experimental data were analysed with both twoand single-scale models. A novel approach of modelling structures with non-uniform reinforcement layout in multiscale manner was employed, and a comparison with single-scale analyses was carried out. At this stage of the study only the force-deflection relation was examined. Of particular interest was the choice of a suitable unit cell, especially in regions where the reinforcement layout is not periodic. Lastly, it was also of interest to compare the performance of the two-scale analysis with single-scale modelling, both in terms of computational time, and the modelling effort.
PROBLEM FORMULATION
In this section, the governing partial differential equations, on which a finite element solution procedure can be built in both single and two-scale setting, are briefly outlined. For a detailed derivation the reader is kindly referred to (Sciegaj et al. 2018 ).
Single-scale problem
A reinforced concrete member in plane stress is considered. The thickness of the structure, t c , is assumed to be much smaller than the other dimensions. The simplified two-dimensional domain Ω consists of the concrete part, Ω c , and the reinforcement part, Γ int , which is idealised as one-dimensional segments. The boundary of the domain Ω, which can be subjected to prescribed tractionst or prescribed displacements, is denoted Γ ext . The concrete is assumed to be a twodimensional solid, for which momentum balance can be established. Only the longitudinal (bar) action is assumed for the reinforcement, whereby the normal force, N s , can be related to the bond stress, t Γ , distributed along the perimeter of the bar, S s . The quasistatic problem can then be summarised in the weak forms as follows: find the concrete and reinforcement displacements u c , u s,l that solve
for a suitable choice of test functions δu c and δu s,l .
Two-scale problem
In this contribution, a coupled hierarchical multiscale method, more specifically the FE 2 method was employed. In this method, the total solution field is split into "smooth" and "fluctuation" parts, cf. (Larsson et al. 2010) . As a result, the problem is divided into a large-scale domain Ω, which is considered to consist of the homogeneous material with "effective" properties, and the subscale domains, which reflect the underlying heterogeneity (and possibly randomness) of the material. The subscale problem follows directly from (1) and (2) upon restriction to a subscale unit cell (also called Representative Volume Element -RVE) domain, Ω . The "effective" response used in the large-scale problem is obtained from computational homogenisation of the response of the subscale unit cells. Classical first-order homogenisation is employed here, i.e. the gradient of the large-scale field is imposed on the unit cells via suitable boundary conditions (prolongation). In the case of the structural problem considered here, the gradient of the largescale displacement, i.e. the effective strain was imposed on the RVE via Dirichlet boundary conditions, which means that the deformation of the boundary of the unit cell varied linearly. After solving the subscale problem, the effective properties are computed via averaging (homogenisation) and are transferred back to the large-scale. A schematic illustration of the FE 2 method is shown in Figure 1 . The large-scale problem can be expressed as: Find the effective displacementū that solves:
where the effective stressσ is computed from the subscale problem as: Although theoretically each macroscopic point has an underlying microstructure, the numerical integration is performed at Gauss points. Hence, it suffices to introduce the unit cells only at the large-scale integration points 3 EXPERIMENTAL STUDIES The FE 2 method described in previous section was successfully used in structural analysis of reinforced concrete members in plane stress, with uniform reinforcement pattern, cf. (Sciegaj et al. 2018 , Sciegaj et al. 2019 . In reality, the reinforcement can be concentrated in certain parts of the structural member. The described multiscale modelling technique was used to analyse three different deep beams of reinforced concrete, for which well-documented experimental results were available. The first two beams were named ACI-I and STM-M, cf. (Aguilar et al. 2002) , whereas the third beam was named WT4, cf. (Leonhardt and Walther 1966) . They are schematically depicted in Figures (2)-(4). For details regarding the test setup, the reader is referred to the given sources.
ACI-I beam
ACI-I consisted in a reinforced concrete member with a rather uniform reinforcement layout, i.e. a reinforcement grid in most part of the beam. However, it also had a distinct tie at the bottom in form of two rebars with considerably larger diameter than the rest. The beam was subjected to four-point bending. Reported compressive strength of concrete was 33 MPa, modu- lus of rupture was 5 MPa (which was converted to a tensile strength of 3.34 MPa according to (Fib 2013) ). The yield and ultimate strength for 25 mm bars were 420 MPa and 700 MPa, whereas the corresponding values for 10 mm rebars were 450 MPa and 720 MPa, respectively. The Young's modulus (32 GPa) and fracture energy (136.98 N/m) were obtained using the empirical formulas from Model Code 2010 (Fib 2013 ).
STM-M beam
STM-M had the same geometry and material properties for concrete and steel as ACI-I beam, except for the concrete compressive strength reported as 28 MPa. However, the reinforcement layout was hardly uniform as there was a distinct tie at the bottom of the beam and only a few stirrups were present. Like ACI-I, this beam was also subjected to four-point bending. Model Code 2010 (Fib 2013 ) empirical relations were used to calculate the Young's modulus (30.29 GPa) and fracture energy (132.99 N/m).
WT4 beam
The WT4 beam had a uniform reinforcement layout throughout the structure and a much lower span-todepth ratio than the other beams. (Fib 2013) was used for the interface. In order to build a two-scale model, it is necessary to find a suitable unit cell, which should reflect the subscale heterogeneity and randomness of the material in a good way. In case of reinforced concrete at this scale, the heterogeneity comes mainly from reinforcement distribution, hence it is necessary to be able to include arbitrary reinforcement layout within the RVE. Another important thing for the two-scale model is to divide the large-scale domain into regions, which will be represented by the same unit cell.
Subscale unit cell generation
A generic RVE can be seen in Figure (5) . In order to make the generation of the subscale unit cell robust, the process was parameterised. An arbitrary (periodic) arrangement of the reinforcement can be reproduced by specifying the size of the RVE, L , its thickness, t, amount of horizontal and vertical reinforcement (φ x and φ y , respectively), as well as the corresponding spacing between the rebars (s y and s x ).
Depending on the relation between the spacings and the side length, either one or more rebars can fit within the RVE. The shape of the unit cell was chosen to be a square, as it is usually done in practice. The sizes of the unit cells were chosen to be equal to a multiple of the spacing between rebars in one direction. Practical implication of this choice is that the periodicity of the reinforcement mesh is disrupted if the spacings s x and s y are different, which is often the case. To remedy this, the amount of reinforcement (area) was adjusted so that the amount of reinforcement per length is maintained between the RVEs. A number of unit cells was generated for each analysis, which are summarised in Tables (1)-(3). Depending on the RVE, the element size varied between 7.5 mm and 31.75 mm.
Large-scale subdivision
The reinforcement layout present in the structure should be reflected in the large-scale model by subdividing it into regions that correspond to specific unit cells. Although in theory, the size of the macroscopic elements may be quite large, this subdivision will restrain the maximum size of some elements. In case of uniformly distributed reinforcement the subdivision is quite straightforward, but with concentrated reinforcement/singular rebars this is a more delicate task. The large-scale subdivisions are depicted for the three beams in Figures (6)-(8) . The goal was to reflect the real reinforcement layout in the beam with fidelity. Special attention was given to concentrated reinforcement at the bottom of the beams. It should be noted that only half of each beam was modelled due to symmetry. The ACI-I and STM-M beams were subjected to concentrated forces, and therefore it was possible to run the analysis directly in displacement control by increasing the displacement under the loading platen gradually. WT4 beam was subjected to uniformly distributed load, hence it was decided to run the twoscale analysis in arc-length control.
Single-scale models
The single-scale analyses were conducted using static stress procedure (neglecting inertia effects) in ABAQUS/Standard (Dassault Systèmes 2014). Fournode bilinear plane stress quadrilateral (CPS4R) elements with reduced integration and hourglass control were used for the concrete. The reinforcing steel was modelled with 2-node linear truss (T2D2) elements embedded in the concrete, assuming perfect bond between the materials. An element size of 20 mm was used for the ACI-I and STM-M beams, while an element size of 25.4 mm was used for the WT4 beam. The Concrete Damaged Plasticity constitutive model available in ABAQUS was used to model the behaviour of concrete. The dilation angle was set to 30 • and the viscosity parameter to 10 −5 . Default values were used for the other plasticity parameters (i.e. 0.1 for the flow potential eccentricity, 1.16 for the biaxial to the uniaxial compressive strength ratio, and 0.67 for the tensile to compressive meridian ratio). Similar to two-scale models, linear elastic behaviour was defined for the concrete in compression. In tension, linear softening was employed, based on the fracture energy values. Steel was modelled assuming von Mises plasticity with linear hardening for the ACI-I and STM-M beams and perfect plasticity for WT4 beam based on the available test results. Displacement control (ACI-I and STM-M) and load control (WT4) were used for the analyses.
Results and discussion
The force-mid-span deflection relations for the beams are shown in Figures (9) -(11) for both two-scale and single-scale analyses. It is noteworthy, that the single-and two-scale analyses were performed independently of each other. Furthermore, even though different software and constitutive models were used, the results from the single-scale analyses agreed well with those from two-scale analyses in terms of forcedisplacement response. Moreover, the initial structural stiffness is well reflected by the simulations, and the predicted ultimate loads were close to those obtained in the experiments (error below 10 % for all analyses, except WT4-1 with an error below 15 %). Since no explicit (macroscopic) failure conditions were given in the models, the force-displacement response is given here up to the maximum deformation reported in the tests. The simulations continued past the reported data following the plastic response (except from single-scale analyses of ACI-I and STM-M beams, where a shear failure was observed at deformations a few millimetres larger than the experimental ones). There seems to be some additional deformation, measured in the experiments, which was not captured by the finite element models. This could be caused by the disparity between the "idealised" boundary conditions used in modelling and the real conditions of experiments setup, which are difficult to properly reproduce in a model.
It can be seen that the FE 2 simulations overestimated somewhat the structural response (for STM-M and WT4 beam), something that could be explained by the use of Dirichlet boundary conditions on the unit cells. The size of the unit cell in the critical re- gions of the beams (usually at the bottom) did not have much impact on the results for ACI-I and STM-M beam. It did, however, influence the maximum load prediction for the WT4 beam, with larger unit cell predicting lower load. The run-times of the analyses are presented in Table (4). For the studied beams, single-scale simulations were faster than their two-scale counterparts. However, it should be noted, that the two-scale implementation was not parallelised to allow for concurrent solution of different RVE problems. Hence, only a few of the available cores were used for the twoscale simulations. Regarding modelling complexity, the main difficulties in construction of two-scale mod- els of the beams comprise the choice of a suitable unit cell and appropriate subdivision of the large-scale domain. While the latter is a subtle geometric task, which might prove difficult for complex reinforcement layouts, the former can easily be parameterised allowing for efficient creation of generic unit cells, as long as reinforcement is arranged in a rectangular grid pattern. Single-scale simulations require more modelling effort, as every reinforcement bar had to be modelled separately. Moreover, allowing for bondslip requires further modelling work, as the interface elements between steel and concrete need to be created.
CONCLUSIONS
In this contribution, a previously developed two-scale model of reinforced concrete was used for the first time to model several realistic examples of reinforced concrete deep beams with non-uniform reinforcement layouts. In the model, the response of concrete, steel, and the interface between them is considered in detail. Based on the formulation of the single-scale problem, the pertinent large-scale and subscale problems were outlined. The macroscopic variables (effective strain) were imposed on the subscale Representative Volume Elements (RVEs) with Dirichlet boundary conditions, and a procedure of computing the effective work conjugate (effective stress) was presented. A method of parameterised RVE generation was described, and the issue of large-scale subdivision was discussed. Three reinforced concrete deep beams with different amounts and layouts of reinforcement were analysed both with two-and single-scale models. The main focus of the study was to investigate the feasibility of using a two-scale model when analysing structural members with non-uniform distribution of reinforcement. The ability of the model to capture forcedeflection relations, choice of suitable unit cell, and appropriate large-scale subdivision were of special interest. Moreover, the performance of the multiscale method in terms of computational time and modelling complexity was compared to single-scale modelling.
Both types of analyses underestimated the deflec-tion, while predicting the maximum load reasonably well. This slightly stiffer response could be caused by the fact, that certain deformations measured in the experiments were not reflected in the finite element models. In the FE 2 analyses, the size of the unit cell in crucial regions of the beams did not influence the force-deflection result much. Regarding computational performance, multiscale modelling provides an attractive alternative to conventional single-scale modelling in terms of modelling complexity. Potentially, this approach enables the study of large reinforced concrete structures, which would otherwise prove computationally far too expensive to handle in a single-scale manner. For future work, the influence of the unit cell and large-scale subdivision on multiscale models should be studied closer. Also, developing further methods of including concentrated reinforcement in addition to uniformly distributed reinforcement might prove necessary. Furthermore, it is necessary to study the feasibility of multiscale methods to predict also other quantities, e.g. the crack widths and crack patterns, which can have a big impact on structural performance in the serviceability limit state. Finally, a larger number of experimentally studied structures needs to be examined in order to gain more insight.
